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Figure 6.5: The scale factor a as a function of time t (measured in units
of the Hubble time), computed for the Benchmark Model. The dotted lines
indicate the time of radiation-matter equality, arm = 2.8 × 10−4, the time of
matter-lambda equality, amΛ = 0.75, and the present moment, a0 = 1.

is roughly six times greater: Ωdm,0 ≈ 0.26. The bulk of the energy density in
the Benchmark Model, however, is not provided by radiation or matter, but
by a cosmological constant, with ΩΛ,0 = 1 − Ωm,0 − Ωr,0 ≈ 0.70.

The Benchmark Model was first radiation-dominated, then matter-dominated,
and is now entering into its lambda-dominated phase. As we’ve seen, radi-
ation gave way to matter at a scale factor arm = Ωr,0/Ωm,0 = 2.8 × 10−4,
corresponding to a time trm = 4.7 × 104 yr. Matter, in turn, gave way to
the cosmological constant at amΛ = (Ωm,0/ΩΛ,0)1/3 = 0.75, corresponding to
tmΛ = 9.8 Gyr. The current age of the universe, in the Benchmark Model, is
t0 = 13.5 Gyr.

With Ωr,0, Ωm,0, and ΩΛ,0 known, the scale factor a(t) can be computed
numerically using the Friedmann equation, in the form of equation (6.6).
Figure 6.5 shows the scale factor, thus computed, for the Benchmark Model.
Note that the transition from the a ∝ t1/2 radiation-dominated phase to
the a ∝ t2/3 matter-dominated phase is not an abrupt one; neither is the
later transition from the matter-dominated phase to the exponentially grow-
ing lambda-dominated phase. One curious feature of the Benchmark Model
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Practical Distance Measures
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Luminosity Distance Angular Diameter Distance
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How distances are affected by underlying cosmology
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Snowden, ROSAT

Spherical, 
Relaxed 

in Hydrostatic 
Equilibrium 

(HSE)

Pressure 
Balances Gravity 

—> Maps to 
Total Mass: 

Virial Theorem!
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Inflation - quark soup - neutron capture - nucleosynthesis - recomb/decoup
kT:  150 MeV           10 MeV                   0.07 MeV            3760/2970K

baryogenesis 
photon-baryon ratio



ASTR/PHYS 4080: Introduction to Cosmology Spring 2021: Week 08

Surface of Last Scattering
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σe = 6.65 × 10−29 m2

Thomson cross-section 
(“size” of an electron)

λmfp =
1

neσe

mean free path of a photon

Scattering interaction rate

Γ =
c
λ

= neσec

H(z) = Γ(z)

When photons scatter off of 
electrons at the same rate 

as the expansion rate:

Photons and baryons will 
“decouple” from each other
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Recombination
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(minus for bosons, 
plus for fermions)

g —> 2 (for non-nucleons, gH=4) 
chemical potential of photons = 0 

Saha Equation

# density of particles of 
type  with momenta b/tx

p → p + dp
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Abundances from Nucleosynthesis
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Creation process depends on relative 
abundances at any given time, so have 

to calculate computationally 

Nucleosynthesis doesn’t run to 
completion like in stars — rapidly 

dropping temperature cuts it off and 
“freezes” abundance pattern 

Exact yields depend most on baryon-
to-photon ratio:  

(determines temperature of 
nucleosynthesis)



ASTR/PHYS 4080: Introduction to Cosmology Spring 2021: Week 08

Acoustic peaks
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causal contactinitial 
conditions

first peak

third peak
second 

peak

etc peaks

First peak: 
  spatially flat 

Second peak: 
  existence of “dark  
  baryons” 

Third peak: 
  amount of dark matter 

Damping tail: 
  photons can cross  
  entire grav. fluct.,  
  wipes out signal

damping tail
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Baryonic Matter
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By the time of the Big Bang and thereafter, 
normal matter is the subdominant form of 

matter in the universe, with some other 
form of matter (non-baryonic dark matter) 
making up the majority of non-relativistic 

matter in the universe 

Could be primordial black holes that were 
made before this time (i.e., not from stars).
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Figure 6.5: The scale factor a as a function of time t (measured in units
of the Hubble time), computed for the Benchmark Model. The dotted lines
indicate the time of radiation-matter equality, arm = 2.8 × 10−4, the time of
matter-lambda equality, amΛ = 0.75, and the present moment, a0 = 1.

is roughly six times greater: Ωdm,0 ≈ 0.26. The bulk of the energy density in
the Benchmark Model, however, is not provided by radiation or matter, but
by a cosmological constant, with ΩΛ,0 = 1 − Ωm,0 − Ωr,0 ≈ 0.70.

The Benchmark Model was first radiation-dominated, then matter-dominated,
and is now entering into its lambda-dominated phase. As we’ve seen, radi-
ation gave way to matter at a scale factor arm = Ωr,0/Ωm,0 = 2.8 × 10−4,
corresponding to a time trm = 4.7 × 104 yr. Matter, in turn, gave way to
the cosmological constant at amΛ = (Ωm,0/ΩΛ,0)1/3 = 0.75, corresponding to
tmΛ = 9.8 Gyr. The current age of the universe, in the Benchmark Model, is
t0 = 13.5 Gyr.

With Ωr,0, Ωm,0, and ΩΛ,0 known, the scale factor a(t) can be computed
numerically using the Friedmann equation, in the form of equation (6.6).
Figure 6.5 shows the scale factor, thus computed, for the Benchmark Model.
Note that the transition from the a ∝ t1/2 radiation-dominated phase to
the a ∝ t2/3 matter-dominated phase is not an abrupt one; neither is the
later transition from the matter-dominated phase to the exponentially grow-
ing lambda-dominated phase. One curious feature of the Benchmark Model


